Abstract. We consider the simplest parabolic-elliptic model of chemotaxis in the whole space in several dimensions. Criteria for the existence of radial global-in-time solutions in terms of suitable Morrey norms are derived.
Parabolic-elliptic Keller-Segel model
Statement of the problem. We consider in this paper the following Cauchy problem in space dimensions d ≥ 3
One motivation to study this model comes from Mathematical Biology, where equations (1.1)-(1.2) are a simplified Keller-Segel system modeling chemotaxis, see e.g. [7, 21, 33] .
The unknown variables u = u(x, t) and v = v(x, t) denote the density of the population of microorganisms (e.g. swimming bacteria or slime mold), and the density of the chemical secreted by themselves that attracts them and makes them to aggregate, respectively.
Another important interpretation of system (1.1)-(1.2) comes from Astrophysics, where the unknown function u = u(x, t) is the density of gravitationally interacting massive particles in a cloud (of stars, nebulae, etc.), and v = v(x, t) is the Newtonian potential ("mean field") of the mass distribution u, see [23, 24, 4, 6, 5, 13] .
In this work we supplement system (1.1)-(1.2) with a nonnegative radial initial datum u 0 ≥ 0. Thus, by the uniqueness the corresponding solution u of problem (1.1)-(1.2) is also nonnegative and radial as long as it exists. It is well known that if the total mass M is finite, it is conserved during the evolution
u(x, t) dx for all t ∈ [0, T max ).
Further, we will also consider solutions with infinite mass like the famous Chandrasekhar steady state singular solution in [23] (1.5)
This one-point singular solution plays a pivotal role in this work, because it allows to distinguish (in some sense) radial initial conditions of global-in-time solutions from initial data, where solutions cannot exist for all t > 0. Moreover, some of the results in this paper might be interpreted as diffusion-dominated dynamics strictly below u C , see next section.
The 8π-problem in the two-dimensional case. Let us now describe previous results which motivated us to start this study and we limit ourselves to those publications, which are directly related. We begin with the classical case of d = 2 where mass M = 8π plays a crucial role. Namely, if u 0 is a nonnegative measure of mass M < 8π, then there exists a unique solution which is global-in-time, see e.g. [3, 22, 19] . These results have been known previously for radially symmetric initial data, see [14, 15, 8, 16] for recent presentations. On the other hand, if M > 8π, then this solution cannot be continued to a global-in-time regular one, and a finite time blowup occurs, cf. [5, 36, 32] , and [13, 8] for radially symmetric case. The radial blowup is accompanied by the concentration of mass equal to 8π at the origin, [22, 8] . We have generalized this result in our recent work [16] by showing concentration of 8π for large mass solutions with sufficiently many symmetries.
Parabolic-elliptic model in higher dimensions. Now, we discuss the case d ≥ 3 in the Keller-Segel model. It is well-known that problem (1.1)-(1.3) has a unique local-in- [4, 30, 31] .
For solvability results in other functional spaces like weak Lebesgue (Marcinkiewicz),
Morrey and Besov spaces, see also [11, 26, 29, 30, 33] . In particular, previous works have dealt with the existence of global-in-time solutions with small data in critical spaces
e. those which are scale-invariant under the natural scaling, see e.g. [4, 11, 30, 33] (1.6) u λ (x, t) = λ 2 u(λx, λ 2 t) for each λ > 0.
Blowing up solutions to the parabolic-elliptic model of chemotaxis in dimension d ≥ 3 have been studied in e.g. [5, 13, 7, 28, 34, 35, 17] .
The Keller-Segel model with an anomalous diffusion. Recently, the Keller-Segel model has been considered in a more general form
with motivations stemming still from biology. Here, the diffusion process is given by the fractional power of the Laplacian (−∆) α/2 with α ∈ (0, 2), a nonlocal Lévy type operator, as was in [12, 18] and [33, Sec. 10] . Results in [18] , with their proofs based on new comparison principles for nonlocal operators, are in a sense parallel to these on global as well as blowing up solutions in the present work. In particular, the singular We will give a partial answer to that question for radially symmetric solutions showing that the quantity ℓ = ℓ(u 0 ) corresponds to the radial concentration defined in (1.10) below -and thus it is equivalent to the Morrey norm in the space
Similar results in the case α ∈ (1, 2) are in [18, 20] and in a forthcoming book [10] . As a preliminary result on general (including sign-changing and not necessarily radial) solutions we will show the local-in-time existence of solutions with initial data in Morrey 
In the following, we shall also use the radial concentration of a function u = u(x) given by
which, in the case of radial functions, appears to be equivalent to the Morrey norm 
Here, the number
is the measure of the unit sphere
Consequently, we consider in fact the Cauchy problem for the nonlocal transport equation
Let us first formulate the main result of this section on the global-in-time solutions to the nonlocal problem (2.3).
Theorem 2.1 (Global-in-time solutions). Let d ≥ 3. Assume that a radially symmetric
3) exists in the space
for each T > 0, is nonnegative, global-in-time, radial, and satisfies the bound
Theorem 2.1 is proved in the following way. First, in Proposition 3.1 we construct localin-time solutions for arbitrary initial conditions (even sign changing and not necessarily
Such solutions for radial nonnegative data appear to be also radial, nonnegative and sufficiently regular. Then, we derive a differential equation
for the radial distribution function M(r, t) = {|x|<r} u(x, t) dx and study its properties in Proposition 4.1. Theorem 2.1 is proved at the end of Section 4.
Remark 2.2. Notice that, by a direct calculation, we have
Hence, the assumption |||u 0 ||| < 2σ d in Theorem 2.1 means that the initial datum u 0 is strictly below u C in the sense of the radial concentrations, namely, we assume that for some ε ∈ (0, 1) we have
By Theorem 2.1, the corresponding solution exists for all t ≥ 0 and stays below the singular steady state u C in this sense. 
see [21, (33) ] with a discussion in [20] . Here, the corresponding initial density is
and it satisfies [16, 17, 20] contain estimates of this constant C d from above. Actually, the best bound
has been obtained in [20] .
In the case of an integrable initial datum, the global-in-time solution constructed in Theorem 2.1 decays in the following sense.
Corollary 2.5 (Decay of radial concentration).
Under the assumptions of Theorem 2.1,
Corollary 2.6 (L q -decay estimate). Under the assumptions of Theorem 2.1, if the initial
2) has stationary solutions U = U(x) and 
The quantity |||U||| is finite because
Notice that the initial datum of such a selfsimilar solution satisfies
and |||u 0 ||| = ε
.
Local-in-time solutions
We begin by constructing a local-in-time mild solution of problem (2.3), namely, a function u = u(x, t) satisfying the Duhamel formula
Here, the symbol e t∆ denotes the heat semigroup on R d , and the bilinear form B is defined
To deal with the integral equation (3.1), we recall that, similarly to the action of the heat semigroup on L p spaces, for 1 ≤ p ≤ q ≤ ∞ the inequalities
hold, where for either p = 1 or q = ∞ the above estimate involve the norms . 1 and . ∞ norms, resp., (see [27, Prop. 3.2] ). We also recall from [27, Prop. 3.1] a version of Riesz potential estimates in the Morrey norms
, there exist T = T (u 0 ) > 0 and a unique local-in-time solution
where
. This is a classical solution of this problem, namely, u, u t , ∇u,
Remark 3.2. Note that, in general, we have only weak convergence of e t∆ u 0 to an initial
Thus, we are obliged to consider weakly continuous
of norm continuous functions of time variable t
with values in a Morrey space.
, is a kind of regularity assumption which rules out local singularities of strength , d consider an auxiliary space X T defined in (3.7). We supplement the space X T with the usual norm
By estimates (3.3), we get e t∆ u 0 ∈ X T whenever
we have
holds with a constant C independent of T . To find solutions to equation ( 
Here, for q = d/2 we have
We deal with the last part of the norm · X T analogously using inequalities (3.3) and
, d satisfying
in the following way 
Hence, a standard regularity argument for parabolic equations permits us to prove smoothness of u = u(x, t).
A priori estimates and continuation of solutions
Now, we are going to obtain a priori estimates of a local-in-time solution in Proposition 3.1 using its radial distribution function (4.1) M(r, t) = {|x|<r} u(x, t) dx which satisfies the equation
with M(0, t) = 0, cf. e.g. [13] . Recall that the radial function u = u(x) is related to M(r) = {|x|<r} u(x) dx by the equality
satisfied for each |x| = r.
The estimate of the radial concentration |||u(t)||| in Theorem 2.1 is a consequence of the following property of the function M(r, t). 
for some K > 0 and ε ∈ 0, (4.2) with the initial condition M 0 satisfies the same bound
for r > 0 and t > 0.
Proof. The proof of inequality (4.5) is by contradiction. Suppose that the function M(r, t)
hits the barrier b(r) defined in (4.4) at some (R 0 , t 0 ) with R 0 > 0 and t 0 > 0 chosen as the least such moment t > 0. The two parts of the graph of the barrier b(r) meet at attains its local maximum at R 0 where
These relations hold true forz, as well. Now, we use the equation for the function z(r, t) = r 2−d M(r, t) which is obtained immediately from (4.2) and takes the form
Applying relations (4.6) and the property of (R 0 , t 0 ) we have got
because ε < 1. This is a contradiction with the first relation in (4.6).
In the case of the functionz (notice that r d−d/pz = M), we consider the analogous equation
also equivalent to equation (4.2). We use this equation at the point (R 0 , t 0 ) and apply relations (4.6) with z replaced byz to obtain
. This is again a contradiction with first relation in (4.6).
We are in a position to complete the proof of our main result.
Proof of Theorem 2.1. Let us first recall that in the case of each nonnegative radial function v following inequalities hold true 
. Obviously, the function u = u(x, t) is nonnegative and radial. In order to continue this solution globally in time, it suffices to show an a priori estimate u X T < ∞ for each T > 0.
First, using inequality (4.9) we have got , d and w = u we have
Hence, by the singular Gronwall lemma [25, Lemma 1.2.9] we obtain
By a standard continuation argument, the solution can be continued globally in time.
The estimate (2.5) is an immediate consequence of Proposition 4.1.
Decay estimates
Let us now show that our global-in-time finite mass solutions decay in time.
Proof of Corollary 2.5. It follows from Theorem 2.1 (in fact, from Proposition 4.1) that
Moreover, this is a bounded function because of the conservation of mass
Obviously, we have M r (r, t) ≥ 0 for nonnegative u(x, t). Thus, using equation (4.2) and the first inequality in (5.1) we obtain 
As it is well known, the solution of the initial-boundary value problem (5.4) can be represented by the formula
Our goal is to show that sup r>0 r 2−d m(r, t) → 0 as t → ∞. To do it, let us fix 0 < R 1 < R 2 < ∞ with small R 1 and large R 2 to be determined later. By the second inequality in 2) . Next, by inequality (5.2), we get
Finally, using equation (5.5) we obtain
Putting together inequalities (5.6), (5.7), (5.8), we arrive at lim sup
and the right hand side can be done as small as we wish with a suitable choice of small R 1 and large R 2 .
Therefore, lim t→∞ sup r>0 r 2−d M(r, t) = 0 holds for every nonnegative, radial initial
To obtain the L p -decay of solutions stated in Corollary 2.6, we need a lemma which is an immediate consequence of the Gauss theorem. log |x| and
solves the Poisson equation ∆v + u = 0. Then the identity
Proof of Corollary 2.6. Let u = u(x, t) be a nonnegative, radial and sufficiently smooth solution of problem (2.3). We multiply equation (1.1) by u q−1 with some q > 1 and after integrations by parts we obtain 1 q
In the last line, we have use the inequality |∇v| ≤ |x| −1 |x·∇v| valid for the radial function v = v(x). Using Lemma 5.1 we have
Hence, recalling the Hardy inequality (see [2] )
we arrive at the estimate
for sufficiently large t > 0. Since, by Corollary 2.5, we have got sup r>0 r 2−d M(r, t) → 0 as t → ∞, we obtain and C(d, q, µ) > 0, since the mass conservation property for nonnegative solutions gives u(t) 1 = u 0 1 . This leads to the differential inequality of the form
for the function f (t) = u(t)and C > 0, which finally gives an algebraic decay of the L q -norm (i) There exists a constant C d > 0 such that if
then the solution u cannot exists for all t > 0.
(ii) If, moreover,
then the solution u(x, t) cannot be defined on any time interval [0, T ] with some
This Theorem is proved in [18] in the case of system (1.7)-(1.8) with α ∈ (0, 2]. The proof involves moments
defined with a continuous bump function ψ and its rescalings for R > 0
We refer the reader to [20, Proposition 2.6], for a proof that the following qualitative sufficient conditions for blowup for the radial initial datum u 0 ≥ 0 in case α = 2
• sup t>0 t e t∆ u 0 ∞ ≫ 1, 
U(x) dx of these solutions oscillate in r infinitely many times around the value 2σ d .
We sketch below the proof, first introducing tools applied in [6, 7] . Time-independent solutions of equation (4.2) satisfy the following equation 
replaces the second order equation (A.4) with a dynamical system in the planė
This system has two stationary solutions (X, Z) = (0, 0) and (X, Z) = (2(d − 2), 2) and possesses a Lyapunov function 
